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Parameters Extraction and Modeling for Planar
Spiral Inductor on Si–SiO2 Substrates

by DDM for Conformal Modules
Ji-Xiang Zhao and Jun-Fa Mao, Senior Member, IEEE

Abstract—In this paper, the domain decomposition method
(DDM) for conformal modules is used to get simple analytic
expressions for parameters of planar spiral inductors on Si–SiO2

substrates. The conductor and substrate losses are considered
in the expressions. The quality factor of the spiral inductor is
computed with a transmission-line mode and compared with
previously published experimental results, showing that DDM
model is accurate and efficient for modeling an on-chip spiral
inductor on Si–SiO2 substrates.

Index Terms—Conformal module, domain decomposition
method (DDM), planar spiral inductors, quality factor.

I. INTRODUCTION

MONOLITHIC inductors, especially in the form of
spirals, have gained much application in the design

of integrated RF transmitters and receivers. For this reason,
the analysis and optimization of such structures have been of
great importance. Considerable research work has been done
over the past several years [1]–[4]. These methods are based
on numerical techniques, empirical formulate, and physical
models. However, the electrical parameters of spiral inductors
in these methods lack a simple and accurate formula. This is a
major impediment in using these methods for quick design and
optimization of spiral inductors.

In this paper, the domain decomposition method (DDM) for
conformal modules is used to get simple analytic expressions
for parameters of planar spiral inductors on Si–SiO substrates.
The DDM for conformal modules can avoid complex conformal
mapping. It transforms directly a planar spiral to an elongated
rectangular strip. As a result, the complex problem of computing
the parameters of planar spiral inductors is transformed to com-
puting the parameters of the simple rectangular strip. By using
the DDM for conformal modules, the expressions of a quality
factor for a plane spiral inductor are obtained. The computed
results from the expressions are compared with previously pub-
lished experimental results and good agreement is achieved.
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II. IMPEDANCE AND QUALITY FACTOR WITH DDM

The concept of the conformal module of a quadrilateral is in-
troduced first. Let denote a quadrilat-
eral consisting of a Jordan domain and four specified points

, , , and on boundary . The conformal module
of is defined as follows. Suppose denotes a rectangle of
the form , and then

is the unique value of for which is conformally equiv-
alent to the rectangular quadrilateral . By
this, we mean that, for , and for this value only, there
exits a unique conformal map , which takes the
four points , , , and , respectively, onto the four ver-
tices 0, 1, , and of [5], [6].

Now consider the plane spiral inductors on a lossy Si substrate
with a thin SiO dielectric film between the signal conductor
and Si substrate, as shown in Fig. 1(a) and (b). Both the SiO
film and Si substrate are uniform and infinite in the horizontal
plan. The structure parameters of the spiral inductor are width

, spacing width , thickness , and the total length . The
thickness of SiO and Si is and , respectively. The signal
conductor is considered as a quadrilateral and is divided into

domains , , as described in Fig. 1(a) and (b).
The crosscuts of subdivisions for the decomposition are chosen
such as that in [5]. According to the DDM, the total conformal
module of is approximated by

(1)

Let and denote the trapezium and half- circular annulus
sub-domain in Fig. 1(a) and (b), respectively (see Fig. 2). The
conformal and are then expressed as follows [5],
[7]:

for (2)

(3)

Subdivisions – in Fig. 1(a) are symmetrical trapez-
iums, which can be divided into two equal quadrilaterals like

in Fig. 2. Thus, by substituting the geometrical size of
each subdivision in Fig. 1(a) into (2) and using (1), we get the
approximated total module of the square spiral inductor, which
is
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(a) (b)

(c)

Fig. 1. On-chip inductor and its transformation by the DDM for conformal modules. (a) Square spiral inductor on Si–SiO substrate. (b) Circular spiral inductor
on Si–SiO substrate. (c) Microstrip structure obtained from (a) and (b) by DDM for conformal modules.

(a)

(b)

Fig. 2. (a) Trapezium sub-domain. (b) Half-circular annulus sub-domain.

(4)

(5)

Similar for the circular spiral inductor, we have

(6)

where is the turns of the inductor, is the outer dimension,
and is the inner dimension.

The error of is [6]

(7)

By the DDM, the spiral inductors in Fig. 1(a) and (b) are now
transformed to the microstrip structure in Fig. 1(c). According to
the method that conformal mapping extracts parameters [8], we
can determine that the stripline length is and the stripline width
is . In the entire process, the parameters , ,
and keep constant and we assume , , and

. Since , we may consider the microstrip
line is infinitely long. From [9], the series impedance per unit
length of the microstrip is given by

(8)

where is the microstrip conductor conductivity,
, , and

is the skin depth in the lossy silicon substrate given by

(9)

where is the conductivity of the silicon substrate.
The characteristic impedance of the equivalent microstrip

line can be expressed from [10]

(10)

where

(11)
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Fig. 3. Transmission-line model.

where the superscript “ ”denotes effective values that take into
account fringing and a mixed dielectric as follows:

(12)

(13)

for

for

(14)

is the equivalent width of the metal strip with a finite thick-
ness, whose expression can be obtained from [11], [12] as

for

for

(15)

By using the transmission-line model depicted in Fig. 3, the
shunt admittance per unit length can be obtained by

(16)

The admittance matrix of the two-port network in Fig. 3 is

(17)

The quality factor of the spiral inductors is then obtained as
follows:

(18)

III. RESULTS AND DISCUSSION

The validity and accuracy of the DDM for parameters extrac-
tion of a spiral inductor are evaluated trough two examples by
comparison with the experimental results. For a square spiral
aluminum inductor with turns, width m, and
spacing between spires m, outer dimension

Fig. 4. Quality factor of the square inductor with difference metal thickness
versus frequency.

m, the spiral metal of three thickness values
m are fabricated on a silicon substrate with resistivity

cm and thickness m. The thickness of the
SiO film is m. The number of sub-domain of de-
composition in the DDM is . The quality factor of the
square spiral inductor with the three metal thickness values as
a function of frequency is shown in Fig. 4 and compared with
the experiment results in [2]. It is observed that there are ap-
proximately 10% deviations between the ’s peak value of
the DDM model and measurement. The average relative error
is 1.9%, 3.4%, and 3.8% for and m, respec-
tively. As a second example, a circular spiral aluminum inductor
on an Si–SiO substrate with a conventional 0.6- m CMOS
three-metal-layer technology is considered. The inductors’ geo-
metrical characteristics are illuminated in the caption of Table I.
The resistivity of the substrate is cm. The com-
puted results from (18) are shown in Table I and are compared
with the experiment results in [13]. The computed quality factor
matches the experimental results with an average relative error
of 4%, 2.8%, and 5.1%, respectively.

The reason of the error includes: 1) the conformal mapping
method is limited merely to quasi-static field analysis; 2) the
equivalent transmission line in Fig. 1(c) is treated as of infinite
length; and 3) the error of the DDM itself. According to (7), the
maximum difference between the accurate total module of the
square inductor and that from the DDM is

(19)

which means , and will leads
to a relative error less than 0.01% for the quality factor. This is
to say that the DDM contributes very little to the computation
error of the quality factor. The main error source should be the
quasi-static approximation.

It is obvious from (19) that, in order to reduce the error of
the DDM, all subdivisions of a domain should be as large as
possible as long as the module of each subdivision can be com-
puted easily. For the example, for a square spiral inductor, the
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TABLE I
MEASURED AND SIMULATED RESULTS FOR THE CIRCULAR INDUCTOR

: m, m, m, ; : m, m, m, ;

: m, m, m, .

decomposition in Fig. 1(a) in which the crosscuts are set at every
corner of the spiral is the best one. More subdivisions will have
no help for improving the accuracy of the DDM. The situation
of the circular spiral inductor is the same.

IV. CONCLUSION

Based on the DDM for computing conformal modules, a
novel transmission-line model is derived for spiral inductors on
multilayer substrate. The complicated computation of mutual
parameters is avoided with the DDM. The model accuracy
is analyzed, showing that the error due to the DDM is very
little and can be neglected. This model can be extended to an
arbitrary spiral inductor as long as one can solve for the con-
formal module of each subdivision in the decomposition of the
inductor. Due to that, closed-form expressions are available for
the quality factor, and the transmission-line model is expected
to be efficient for analysis and optimization of RF circuits.
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